We calculated dynamic dielectric permittivity of the Rochelle salt within the Mitsui model, extended by piezoelectric interaction and transverse field. Calculations were based on the parameters derived earlier within the study of thermodynamic properties of Rochelle salt. The study of dynamic properties was performed within the Bloch equation method. We showed that taking transverse field into account allows for better description of the Rochelle salt relaxation dynamics. Furthermore, we showed that taking transverse field into account results in the appearance of a resonant component in dynamic permittivity like it is observed in experiment. However, in accordance with the calculations, resonant response reveals itself within infrared frequency range, whereas in experiment it is observed within submillimeter spectral region.
Introduction
Ferroelectric crystals of the order-disorder type with asymmetric double-well potential has a number of unusual properties. A good example of such crystal is sodium potassium tartrate tetrahydrate NaKC 4 H 4 O 6 ·4H 2 O (Rochelle salt or Rs). The presence of two Curie points and the existence of the ferroelectric phase within a narrow temperature range (between T c1 = 255 K and T c2 = 297 K) is a prominent characteristic of this crystal. Both phase transitions are of the second order [1] .
Structural analysis occupies an important place in the study of the Rochelle salt. These studies showed that crystalline structure of Rs proved to be complex. It is orthorhombic (space group D 3 2 −P 2 1 2 1 2 1 ) in the paraelectric phases and monoclinic (space group C 2 2 −P 2 1 ) in the ferroelectric phase [2] . Spontaneous polarization is directed along the a crystal axis; it is accompanied by a spontaneous shear strain ε 4 . There are four formula units (112 atoms) in the unit cell of the Rochelle salt. The unit cell is divided into four non-equivalent structural elements, each of which produces a dipole moment both along ferroelectric x-and along y-axes. Consequently, a crystal lattice is divided into four sublattices. Studies based on x-ray diffraction data [3] argued that these were the order-disorder motions of O9 and O10 groups, coupled with the displacive vibrations of O8 groups, which were responsible for the phase transitions in the Rochelle salt as well as for the spontaneous polarization.
Inspite of the achievements in determining the of Rochelle salt structure, the arrangement of hydrogen atoms in the crystal and their role in phase transition still remain unclear. Their important role is testified by significant hydrogen/deuterium isotope effect. Such situation makes ab-initio calculations impossible and requires the application of alternative approaches.
We study Rochelle salt properties within the semi-microscopic approach, which is based on the assumption that phase transition in Rochelle salt is of order-disorder type. This assumption This model explains transverse dielectric properties of Rochelle salt. Also, experiments [29] were carried out for the effect of humidity, annealing, stresses, electric field on dielectric permittivity of Rochelle salt. Modern experimental techniques, applied therein, updated the experimental data, formerly derived for Rs crystal.
Notwithstanding the significant advances in studying the Rs crystal, some problems in theoretically explaining the physical properties of Rochelle salt still remain unsolved. Thus, the theoretically calculated value of spontaneous polarization appeared to be significantly lower than the experimental one along the whole temperature range. Among other things, it has been found that the theoretically calculated real part of dielectric permittivity in low-temperature paraelectric phase is considerably higher than the experimental one. Also, as it was mentioned above, the dielectric response is of resonant type in submillimeter range, and the Mitsui model with piezoelectric interaction is not capable of explaining this fact.
The first problem was successfully solved by taking into account the possibility of dynamic flipping of structural elements between two equilibrium positions [30] . For this purpose Mitsui Hamiltonian with piezoelectric interaction was supplemented with the term of transverse field type. The set of theory model parameters was obtained and on the base thereof some improvement in the description of static dielectric, piezoelectric, and elastic properties was achieved. Besides that, we managed to gradually improve the accordance between theory and experiment for temperature dependence of spontaneous polarization.
In present work we tried to solve two other problems. We carried out our research within Mitsui model with the same consideration of piezoelectric interaction and transverse field. The research was based on the theory parameters derived under consideration of thermodynamics [30] . Besides, we compared our results with the same ones, derived within Mitsui model without transverse field [21] , and found out the effect of the transverse field on the dynamic properties of the Rochelle salt.
Dynamic physical characteristics of the Mitsui model with piezoelectric interaction and transverse field
We give consideration of the ferroelectric order-disorder type with an asymmetric double-well potential. Hamiltonian of such a system is referred to as the Mitsui Hamiltonian. We assume that this system has an essential piezoelectric interaction which should be taken into account. Besides, the model requires that the transverse field should be taken into account (this term describes the possibility of dynamic ordering units flipping between two equilibrium positions). We suppose the polarization is directed along x-axes and arises due to the structural units ordering in one of the two possible equilibrium positions. We consider the situation when ε 4 component of strain tensor effects the energy of these equilibrium positions. Precisely this case occurs in Rs. The resulting Hamiltonian is of the following form:
Three terms in the first sum of equation (1) represent the elastic, piezoelectric, and electric energies attributed to a host lattice, in whose potential the pseudospin moves (with the "seed" elastic constant c E0 44 , the coefficient of piezoelectric stress e 0 14 , and dielectric susceptibility χ ε0 11 ); v is the volume of a cell, containing a pair of pseudospins (ordering units or dipoles) of one lattice site q and different sublattices f = 1, 2 (further we will call it a unit cell 2 ). The second sum describes a direct interaction of the ordering units: J= Jand K= Kare interaction potentials between pseudospins belonging to the same and to different sublattices, respectively. The first term in the third sum is the transverse field; the second term describes a) the energy, associated with asymmetry of the potential, where ∆ f is asymmetry parameter: ∆ 1 = −∆ 2 = ∆, b) interaction energy of pseudospin with the field, arising due to the piezoelectric deformation and ψ 4 is the parameter of piezoelectric interaction, c) interaction energy of pseudospin with external electric field E 1q , where µ is the effective dipole moment of the model unit cell.
We carry out the study of the system that is described by Hamiltonian (1) within the Bloch equation method. For this purpose we first of all should derive the Hamiltonian within the mean field approximation (MFA).
Performing identical transformation
where H qf ≡ |H qf | = λ qf , and k B is Boltzmann constant. We study the dynamic properties of the system with Hamiltonian (1) within the Bloch equations
The right hand part of this equation consists of three terms. The first term is Heisenberg part of the equation of motion, calculated within random phase approximation (RPA), where "×" denotes the vector product and H qf (t) are the instantaneous values of the local fields 3 :
We restricted our consideration to sufficiently high frequencies (above the piezoelectric resonance), where the crystal can be regarded to be "clamped" [21] . Mathematically "clamping" means that deformation ε 4 is time independent. The second and the third terms describe the relaxation of pseudospin towards quasiequilibrium state which is defined by instantaneous values of molecular fields. In particular, the second term describes relaxation of the pseudospin component S qf t (longitudinal to the instantaneous value of the local field) towards its quasiequilibrium value with a characteristic time T 1 . The third term describes the decay process of the transverse component of pseudospin S qf t⊥ with a characteristic time T 2 .
Quasiequilibrium mean values S qf t are defined as (see equation (5)):
As we are interested in the linear response of the system to the small external electric field
it is sufficient to present S qf t as a sum of constant term S qf 0 (mean equilibrium value, calculated in MFA) and time dependent small deviation δ S qf t :
Similarly:
Now, we can linearize the motion equation (6) by retaining the terms, which are linear in deviations δ S qf t , δH qf (t), δ S qf t :
where
Now we transform the equation (10) into a form involving single variable δ S qf t , then Fourier transform to k-space, introduce new variables
and introduce parametersR
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Upon applying these transformations, the Bloch equation (10) is reduced to the system of linear differential equations of the following matrix form: 
Components of matrix A k :
components of vector b:
where the following notations are used:
Relaxation times T 1 and T 2 have the following form:
After applying the time Fourier transformation we transform equation (13) to the form
where I is identity matrix. It is convenient to present the solution of equation (19) in the form
where we denote the inverse matrix of
. Expression for fluctuation of polarization
and solution (20) allows us to come up with the final expression for permittivity:
where ε 11 (k, ∞) = 1 + 4πχ ε0 11 (k) is a high frequency contribution into the dielectric permittivity andṽ = v/k B . If k = 0 we have ε 11 (0, ∞) ≡ ε 11 (∞) and ε 11 (∞) = 1 + 4πχ ε0 11 , where χ ε0 11 is a "seed" dielectric susceptibility. Index "1" on the right side of equation (22) The analysis shows that susceptibility ε 11 (0, 0), obtained according to equation (21) equals the static susceptibility obtained earlier for the Mitsui model with piezoelectric interaction and transverse field at k = 0, ω = 0, and at any relaxation times T 1 and T 2 . If we set the transverse field equal to zero and identify T 1 with parameter α, which is a characteristic time of the pseudospins chaning their states within Glauber approach, we derive the dynamic permittivity which strictly corresponds to the one derived earlier [21] .
It can be easily seen that the function F 1 (k, iω) is a rational function of iω, where numerator is a polynomial function of the degree not higher than 5 and denominator is polynomial function of the degree 6. Therefore, we can decompose the function F 1 (k, iω) into partial fractions:
Here coefficients k i , τ i , M j , N j , p j , q j are real numbers, n is the number of real (equal to −1/τ i ) eigenvalues and 2m is the number of complex eigenvalues of matrix A k . The number of real and the number of complex eigenvalues of matrix A k is defined by theory parameters and temperature. However, it is clear that matrix A k has 6 eigenvalues in total. The first sum in equation (23) is a contribution of Debye (relaxation) modes into the dynamic dielectric permittivity, and the second sum is a contribution of resonant modes. In paraelectric phase the dynamic dielectric permittivity is as follows:
Here matrix A
k and vector b (0) are as follows 4 :
4 In paraelectric phase we have ξ z = 0 and σ x = 0. Accordingly, matrix A k in paraelectric phase has two invariant subspaces of dimension 3 and fluctuations δξ z k (ω) are defined by matrix A
k which produces the effect only on one of the subspaces.
vector b (0) components:
and the following notations are used:
Hence, depending on the eigenvalues of matrix A
k , the dynamics in paraelectric phase is described either by three relaxation modes or one relaxation and one resonant mode.
Zekš [16] obtained the expression for relaxation time in paraelectric phase within the Mitsui model with transverse field, though without piezoelectric interaction. The study was carried out within Bloch equation method at 1/T 2 = 0. The linear dependence of relaxation time on longitudinal one-particle relaxation time T 1 was derived. However, linear dependence is valid only for large T 1 and is not valid in general case. Besides, the expression for relaxation time of [16] contains an error. In the Appendix we present the correct results for the relaxation time.
In the present work all calculations were carried out in the center of the Brillouin zone k = 0 and in the absence of external electric field E 1 = 0.
Discussion
We need theory model parameters for particular calculations. We will use a model parameter set derived earlier under consideration of the Rochelle salt thermodynamic properties [30] . These parameters and parameters derived within the analogous model without transverse field [21] are presented in table 1 .
In order to calculate dynamic characteristics it is necessary to determine longitudinal and transverse relaxation time T 1 , T 2 . The results of research show that the alteration of time T 2 within interval (0.1T 1 , ∞) has hardly any effect upon the calculated dynamic characteristics; this is illustrated in figure 1 .
Weak dependence of the dielectric permittivity allows us to set T 2 = ∞ in our calculations. Thus, we completely neglect the decay of transverse component of pseudospin caused by external factors (e.g. interaction with thermostat). However, in this case the decay of transverse component along the whole temperature range occurs anyway (all poles of function F 1 (0, iω) have a negative real part). But now it is caused exceptionally by the internal dynamics of the system and by the relaxation of longitudinal component of pseudospin towards its quasiequilibrium value.
The value of parameter T 1 T 1 = 1.767 × 10 −13 s was derived based on the agreement between theory and experimental data [5] for ε 11 in the upper phase transition point at ν = 2.5 GHz: ε 11 = 164.53. For comparison, the value of parameter α, which defines the time scale in Glauber model and which was obtained based on the same condition is equal to 1.7 × 10 −13 s [21] . First, we shall present the structure of theoretically derived dynamic response of the Rs. The structure of the dynamic dielectric permittivity is defined by poles of function F 1 (0, iω). This function has two real negative poles throughout the whole temperature interval, which determine the two relaxation modes. Besides, this function has two pairs of complex conjugate poles with a negative real part. Each pair of complex conjugate poles determines a resonant mode. However, in the paraelectric phase, one relaxation and one resonant mode give zero contribution into the dielectric permittivity. Hence, in ferroelectric phase dielectric permittivity has the form:
and in paraelectric phases, the dielectric permittivity is as follows:
.
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Primed and non-primed values differ by the factor of 4πμ 2 /ṽ (see equations (21) and (23)). Such a characteristic of dielectric response also remains unchanged in the case with finite T 2 . Within the model without a transverse field, the dynamics is determined by only two relaxation modes. Both modes have non-zero contribution within ferroelectric phase and only one of them has non-zero contribution within paraelectric phase [21] .
Temperature dependencies of two relaxation times τ 1 , τ 2 , obtained here, along with the same ones derived within the model without transverse field [21] and data for relaxation time obtained on the basis of analysis of experiment for ε 11 (ν, T ) are presented in figure the model with transverse field ensures a better agreement of the theory with the experiment in comparison with the model without transverse field. Figure 3 presents frequency dependencies of dielectric permittivity in dispersion region (10 9 − 10 11 Hz) calculated within the models with transverse field and without it at different temperatures along with experimental data. As figures show, both models ensure good agreement between theory and experiment. However, the model with transverse field provides for better agreement of theory with experiment at T = 235 K, T = 245 K (low temperature paraelectric phase). At other temperatures the agreement between the results, obtained for both models and experimental data are about the same.
The analysis shows that the contribution of the first relaxation mode consists of more than 99% of the total permittivity along the whole temperature range. Thus, the dynamics of Rs within microwave region is of Debye relaxation type. The same conclusion was derived within the model without transverse field [21] . Figures 4, 5 illustrate temperature dependencies of dielectric permittivity ε 11 , calculated at different frequencies, together with experimental data. Solid and dashed lines present results of calculations derived within (this work) and without (results of work [21] ) transverse field respectively. In figure 4 we do not present an imagined part of dielectric permittivity, calculated within the model without transverse field. However, it should be noted that in this case both models provide for about the same agreement of theory with experiment. As figure 4 shows, the model with transverse field provides for better agreement between theory and experiment for a real part of dielectric permittivity. It should also be pointed out that transverse field being taken into account to some extent rectifies the problem of poor agreement between theory and experiment in a low temperature paraelectric phase. Besides, if we assume that a real effective dipole moment has a weaker dependence on temperature (lower in a lower phase transition point and higher in an upper phase transition point), it becomes clear (see equation (24)) that we will reach a better agreement between theory and experiment for a real part of this characteristic in low temperature paraelectric phase. Earlier [30] it was mentioned that such an assumption may allow us to reach a better agreement between theory and experiment for polarization and static dielectric permittivity of a free crystal in a low temperature paraelectric phase. Now, we calculate the temperature dependence of dielectric permittivity within a wide frequency range and try to find out whether our model with transverse field is capable of describing the resonant dynamics. Figure 6 shows both the experimental data and theoretical calculations for frequency dependence of imaginary part of the dielectric permittivity. As one can see, the model with transverse field has a resonant dielectric response at frequency ν = 8 × 10 12 Hz (T = 80 K), while the experiment shows a resonant peak at frequency ν = 6.6 × 10 11 Hz. Besides, the theoretically calculated changes of the dielectric spectra with the temperature increase, differ from the corresponding experimental data.
Concluding remarks
In this work we studied the dynamic properties of the Rochelle salt. We used the Mitsui model with piezoelectric interaction extended by transverse field. Such an extension allows us to take into account the dynamic flipping of the structural ordering units between two equilibrium positions. The study was performed within the Bloch equation method.
Parameters, required for calculations, were taken from the study of the thermodynamic char-acteristics (static dielectric, elastic and piezoelectric) [30] , where good agreement between theory and experiment was achieved. Two additional parameters (single-particle relaxation times T 1 and T 2 ) which characterize dynamic processes were defined in the present work. In particular, it was obtained that throughout the whole temperature range the change of T 2 has a little effect on dielectric permittivity in dispersion range and it can be selected as needed for calculation convenience. By appropriate selection of the parameter T 1 we managed to achieve a better agreement between theory and experiment for dynamic dielectric permittivity in comparison with the model that does not take transverse field into account. Therefore, within the Mitsui model with piezoelectric interaction and transverse field, the unique parameter set was derived that well describes both thermodynamic and dynamic properties of the Rochelle salt. In addition, in this work we revealed the presence of the resonant response within certain frequency range along with relaxation dynamics within microwave range. However, while experiment shows resonant response on frequencies close to 6 · 10
11 Hz, the theory shows resonant response on frequencies 8 · 10
12 -10 · 10 12 Hz. The character of changes of dielectric spectrum at temperature increase is essentially different from the experimental data. Currently we have no explanation to such discrepancy. One can notice that our approach has a free parameter T 2 . But the variation of this parameter did not permit us to reach an acceptable agreement between theory and experiment for resonant dynamics. Hence, one can conclude that modification of the Mitsui model by taking the transverse field into account is not sufficient in order to properly explain the resonant dielectric response. The additional degrees of freedom are probably essential in resonant response.
where constants a 1 , a 2 , a 3 are independent of T 1 and have the following form:
Let us assume that a real root of polynomial W (x) at large T 1 is proportional to 1/T 1 :
Then we can present W (x) in the following form:
where the constant z is independent of T 1 and b 1 (T 1 ) is an unknown function of T 1 . Expanding last presentation of W (x) one can derive that
Comparing the last terms of equation (32) and equation (35) one can conclude that
and hence b 2 is independent of T 1 .
Comparing the coefficients near x 2 of polynomial W (x) presented in forms (32) and (35) one can derive the following result for b 1 (T 1 ):
Now comparing the corresponding coefficients of W (x) near x and taking into account equation (37) one can derive that
Here the last term is a higher-order term that can be neglected. Hence, we can put
According to equations (36), (39) one can derive the constant z:
According to equations (30) , (33) , and equation (40) the relaxation time at large T 1 is presented as: 
